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Objec-ve	
  

Development	
  of	
  an	
  algorithm	
  
•  Efficient	
  to	
  solve	
  AC	
  OPF	
  for	
  a	
  large-­‐scale	
  
system	
  

•  Seeking	
  for	
  the	
  global	
  op-mizer	
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AC	
  Op-mal	
  Power	
  Flow	
  

•  Find	
  an	
  op-mal	
  solu-on	
  to	
  meet	
  all	
  the	
  
economic,	
  opera-onal,	
  and	
  engineering	
  
constraints	
  in	
  power	
  system	
  opera-on	
  

•  Computa-onally	
  complex	
  due	
  to	
  its	
  non-­‐
convexity,	
  nonlinearity,	
  and	
  large-­‐scale	
  

•  Needs	
  to	
  be	
  solved	
  in	
  a	
  -mely	
  manner	
  
– Weekly	
  in	
  8hrs,	
  Daily	
  in	
  2hrs,	
  Hourly	
  in	
  15mins	
  
– Each	
  5mins	
  in	
  1min,	
  Self-­‐healing	
  post-­‐con-ngency	
  
0.5	
  mins	
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Challenges	
  to	
  Efficient	
  Algorithm	
  
•  Non-­‐convexity:	
  May	
  not	
  be	
  solve	
  reliably	
  and	
  
efficiently	
  

•  Nonlinearity:	
  High	
  cost	
  of	
  computa-on	
  in	
  Newton	
  
update	
  per	
  itera-on	
  

•  Large-­‐scale	
  network	
  
–  Bus	
  related	
  variables:	
  

	
  Real	
  and	
  imaginary	
  components	
  of	
  voltage	
  
– Generator	
  related	
  variables:	
  

•  Real	
  power	
  genera-on	
  
•  Reac-ve	
  power	
  genera-on	
  
•  Cost	
  variable	
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Algorithm	
  to	
  Solve	
  AC	
  OPF	
  

•  Voltage	
  is	
  a	
  phasor	
  à	
  Polar	
  Coordinate	
  System	
  
•  Power	
  flow	
  equa-ons	
  involve	
  sinusoidal	
  
func-ons	
  

•  MATPOWER:	
  Primal-­‐dual	
  interior	
  point	
  method	
  
•  In	
  an	
  NR	
  update,	
  the	
  evalua-on	
  and	
  the	
  
factoriza-on	
  of	
  the	
  Hessian	
  matrix	
  of	
  Lagrangian	
  
need	
  to	
  be	
  performed	
  
–  The	
  factoriza-on	
  number	
  for	
  determining	
  15-­‐minute	
  
dispatches	
  over	
  30	
  years	
  is	
  about	
  11	
  million	
  for	
  the	
  
same	
  transmission	
  network	
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Recent	
  Approaches	
  
AC	
  OPF	
  in	
  the	
  Cartesian	
  coordinate	
  system	
  
•  AC	
  OPF	
  becomes	
  a	
  nonconvex	
  QCQP	
  with	
  quartet	
  flow	
  constraints	
  
•  Non-­‐convexity	
  lies	
  in	
  

–  Power	
  balance	
  equality	
  constraints	
  
–  Minimum	
  voltage	
  magnitude	
  constraints	
  

•  Commonly	
  used	
  technique:	
  Rank	
  relaxa-on	
  
–  Convex	
  op-miza-on	
  
–  Easy	
  to	
  solve	
  and	
  yields	
  the	
  global	
  solu-on	
  

•  Zero	
  duality	
  gap	
  under	
  the	
  assump-on	
  on	
  the	
  rank	
  
–  Many	
  cases	
  observed	
  with	
  rank	
  >	
  2	
  
à Not	
  a	
  physically	
  meaningful	
  solu-on	
  
à Lower	
  bound	
  for	
  AC	
  OPF	
  
à Branch-­‐and-­‐bound	
  method	
  for	
  finding	
  the	
  global	
  op-mizer	
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Inputs	
  &	
  Variables	
  of	
  AC	
  OPF	
  
•  Inputs	
  
– Φ:	
  indefinite	
  matrices	
  with	
  real	
  and	
  reac-ve	
  power	
  
balance	
  equa-ons	
  

– W:	
  matrices	
  with	
  voltage	
  magnitudes	
  
– Π:	
  matrices	
  associated	
  with	
  |i|2	
  and	
  v	
  
–  d:	
  real	
  and	
  reac-ve	
  power	
  loads	
  
– Upper	
  and	
  lower	
  bounds	
  

•  Variables:	
  3NG	
  +	
  2NB	
  ~	
  ϑ(NB)	
  
–  v:	
  real	
  and	
  imaginary	
  components	
  of	
  voltage	
  
–  p,	
  q:	
  real	
  and	
  reac-ve	
  power	
  genera-on	
  
–  ξ:	
  cost	
  variables	
  

7	
  



Nonconvex	
  AC	
  OPF	
  

•  Indices	
  
–  Bus	
  index,	
  j	
  
–  Line	
  index,	
  m	
  

•  Nonconexity	
  
–  Φ’s	
  are	
  indefinite	
  
matrices	
  

– Minimum	
  voltage	
  
magnitude	
  

•  Quartet	
  
–  Flow	
  limits	
  are	
  quartet	
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Challenges	
  to	
  Efficient	
  Algorithm	
  

•  Non-­‐convexity:	
  	
  
	
  May	
  not	
  be	
  solve	
  reliably	
  and	
  efficiently	
  

•  Nonlinearity	
  
•  Large-­‐scale	
  network	
  

9	
  



Convexifica-on	
  of	
  AC	
  OPF	
  
•  Regulariza-on	
  

–  Power	
  balance	
  equa-on	
  
–  Minimum	
  voltage	
  
magnitude	
  

•  Addi-onal	
  terms	
  
–  Vanishes	
  quadra-cally	
  as	
  
converges	
  (vk	
  –	
  vk-­‐1à	
  0)	
  

–  At	
  the	
  termina-on	
  of	
  the	
  
algorithm,	
  the	
  
approximated	
  constraints	
  
is	
  iden-cal	
  to	
  the	
  original	
  
constraints	
  

à	
  Convex	
  constraints	
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Quadra-c	
  Approxima-on	
  to	
  Flow	
  Limits	
  

•  Leading	
  term	
  in	
  the	
  difference:	
  
– As	
  the	
  solu-on	
  converges,	
  the	
  error	
  vanishes	
  
quadra-cally	
  

– At	
  a	
  solu-on,	
  two	
  constraints	
  are	
  iden-cal	
  
•  Problem	
  becomes	
  convex	
  QCQP	
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Convex	
  QCQP	
  
At	
  the	
  kth	
  itera-on,	
  a	
  convex	
  
QCQP	
  problem	
  is	
  formulated	
  
to	
  approximate	
  AC	
  OPF	
  
•  Convex	
  relaxa-on	
  with	
  

regulariza-on	
  
•  Quartet	
  flow	
  limits	
  are	
  

approximated	
  with	
  QC	
  
•  As	
  the	
  solu-on	
  converges,	
  

the	
  error	
  vanishes	
  
•  Semi-­‐definite	
  programming	
  

or	
  reformula-on-­‐
lineariza-on	
  technique	
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Challenges	
  to	
  Efficient	
  Algorithm	
  

•  Non-­‐convexity	
  à	
  Sequen-al	
  convexifica-on	
  
•  Nonlinearity:	
  High	
  cost	
  of	
  computa-on	
  in	
  
Newton	
  update	
  per	
  itera-on	
  

•  Large-­‐scale	
  network	
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Par-al	
  Update	
  I	
  
Lagrange	
  relaxa-on	
  for	
  the	
  trust	
  region	
  method	
  
•  In	
  the	
  Newton	
  update,	
  solve	
  Akxk	
  =	
  bk	
  
•  At	
  the	
  kth	
  itera-on,	
  Ak	
  =	
  A0	
  +	
  ΔAk	
  +	
  δAk	
  
– A0	
  is	
  fixed	
  with	
  a	
  given	
  network:	
  no	
  repeated	
  update	
  
or	
  factoriza-on	
  required	
  

–  ΔAk	
  is	
  significantly	
  large	
  enough	
  to	
  affect	
  xk	
  
–  δAk	
  is	
  very	
  small	
  
–  To	
  recover	
  the	
  exact	
  Ak	
  and	
  accordingly	
  xk,	
  the	
  
computa-onal	
  cost	
  is	
  exactly	
  same	
  as	
  the	
  process	
  
with	
  Ak	
  	
  

– A0	
  +	
  ΔAk	
  is	
  a	
  good	
  approxima-on	
  to	
  Ak	
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Par-al	
  Update	
  II	
  

Idea:	
  If	
  Hessian	
  is	
  not	
  a	
  rapidly	
  varying	
  matrix,	
  
factors	
  are	
  stored	
  for	
  reuse	
  aSer	
  parTal	
  update	
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  for	
  NU	
  

Error	
  
AparTal	
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Par-al	
  Update	
  III	
  
Factoriza-on	
  of	
  Ak	
  where	
  Ak	
  =	
  A0	
  +	
  ΔAk	
  +	
  δAk	
  
•  All	
  A’s	
  are	
  sparse	
  	
  
•  A0	
  :	
  sparse	
  factoriza-on	
  performed	
  once	
  and	
  stored	
  for	
  
11	
  million	
  -mes	
  reuse	
  

•  ΔAk:	
  determined	
  each	
  itera-on,	
  and	
  used	
  to	
  directly	
  
update	
  the	
  factors	
  of	
  A0	
  

•  The	
  choice	
  of	
  ΔAk	
  dictates	
  the	
  efficiency	
  of	
  the	
  par-al	
  
update	
  
–  Low	
  computa-on	
  cost	
  to	
  update	
  factors	
  
–  yk	
  to	
  (A0	
  +	
  ΔAk)	
  yk	
  =	
  bk	
  is	
  a	
  good	
  approxima-on	
  to	
  xk	
  

•  δAk:	
  modeled	
  as	
  an	
  error	
  

16	
  



Total	
  Least	
  Square	
  Problem	
  
•  The	
  problem	
  is	
  modeled	
  as	
  (A0	
  +	
  ΔAk)	
  yk	
  =	
  b0	
  

–  δAk	
  and	
  δbk	
  (=	
  bk	
  –	
  b0)	
  are	
  modeled	
  as	
  error	
  
–  TLS	
  problem:	
  [(AparTal|b0)	
  +	
  (δAk|δbk)]	
  (yk;-­‐1)	
  =	
  0	
  

•  TLS	
  algorithm	
  heavily	
  relies	
  on	
  SVD	
  decomposi-on	
  
–  Singular	
  values	
  and	
  right	
  side	
  eigenvectors	
  

•  The	
  loca-ons	
  of	
  ΔAk	
  are	
  known	
  
•  Low	
  cost	
  for	
  par-al	
  update	
  of	
  right	
  side	
  eigenvectors	
  
and	
  eigenvalues	
  

•  The	
  error	
  between	
  yk	
  and	
  xk	
  is	
  well	
  bound	
  with	
  a	
  good	
  
choice	
  of	
  δAk	
  and	
  δbk	
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Challenges	
  to	
  Efficient	
  Algorithm	
  

•  Non-­‐convexity	
  à	
  Sequen-al	
  convexifica-on	
  
•  Nonlinearity	
  à	
  Par-al	
  update	
  via	
  TLS	
  
•  Large-­‐scale	
  network	
  
– Bus	
  related	
  variables:	
  

	
  Real	
  and	
  imaginary	
  components	
  of	
  voltage	
  
– Generator	
  related	
  variables:	
  
•  Real	
  power	
  genera-on	
  
•  Reac-ve	
  power	
  genera-on	
  
•  Cost	
  variable	
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Plan	
  for	
  Finding	
  the	
  Global	
  Solu-on	
  

•  Global	
  solu-on	
  using	
  trust	
  region	
  method	
  with	
  
primal-­‐dual	
  interior	
  point	
  method	
  
– Stopping	
  criterion	
  for	
  global	
  solu-on	
  (Sorensen)	
  
– Star-ng	
  point	
  independence	
  

•  BARON	
  sorware	
  package	
  for	
  comparison	
  
– Widely	
  used	
  and	
  efficient	
  global	
  op-miza-on	
  
solver	
  for	
  opera-on	
  engineering	
  problems	
  

– Branch-­‐and-­‐bound	
  method	
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Challenges	
  to	
  Efficient	
  Algorithm	
  

•  Non-­‐convexity	
  à	
  Itera-ve	
  convexifica-on	
  
•  Nonlinearity	
  à	
  Par-al	
  update	
  via	
  TLS	
  
•  Large-­‐scale	
  network	
  
– Bus	
  related	
  variables:	
  

	
  Real	
  and	
  imaginary	
  components	
  of	
  voltage	
  
– Generator	
  related	
  variables:	
  
•  Real	
  power	
  genera-on	
  
•  Reac-ve	
  power	
  genera-on	
  
•  Cost	
  variable	
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Variable	
  for	
  Represen-ng	
  Voltages	
  
Key	
  observa-ons:	
  	
  
•  Voltages	
  at	
  some	
  buses	
  vary	
  in	
  a	
  consistent	
  way	
  
•  Φ	
  =	
  [Φ1	
  Φ2;	
  -­‐Φ2	
  Φ1],	
  Φ1

T
	
  =	
  Φ1,	
  Φ2

T
	
  =	
  -­‐Φ2	
  

•  Rank	
  of	
  Φ	
  is	
  always	
  4	
  regardless	
  of	
  a	
  system	
  
At	
  the	
  ith	
  bus,	
  define	
  	
  
•  αi	
  (4×1)	
  as	
  ϕi

Tv	
  where	
  ϕi	
  is	
  the	
  eigenvectors	
  of	
  Φ	
  
corresponding	
  to	
  nonzero	
  eigenvalues	
  

•  αi
0	
  (2NB-­‐4×1)	
  as	
  (ϕi

0)Tv	
  where	
  ϕi
0	
  is	
  the	
  eigenvectors	
  

with	
  zero	
  eigenvalues	
  spanning	
  the	
  null	
  space	
  of	
  Φ	
  
à	
  (αi,;	
  αi

0)	
  =	
  (ϕi,	
  ϕi
0)T	
  v	
  

•  Voltage	
  v	
  is	
  reconstructed:	
  v	
  =	
  ϕiαi	
  	
  +	
  ϕi
0αi

0	
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Subspace	
  Problems	
  
Idea	
  
•  Power	
  balance	
  equa-ons	
  

at	
  Bus	
  j	
  yields	
  pj	
  =	
  pj(αu),	
  
qj	
  =	
  qj(αu)	
  if	
  ϕu	
  is	
  not	
  in	
  
the	
  null	
  space	
  of	
  Φj	
  

•  All	
  the	
  variables	
  à	
  α	
  
•  Make	
  local	
  decisions	
  on	
  

mul-ple	
  subspaces	
  	
  
•  Adjust	
  the	
  results	
  globally	
  
•  Sparsity	
  needs	
  to	
  be	
  

preserved	
  in	
  each	
  sub-­‐
problem	
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Basis vectors are  and  
 

Voltage vector 

Projection of voltage onto 
the positive eigenvector 
space 

Projection of voltage onto 
the negative eigenvector 
space 

!
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Positive eigenvector space: 
Basis vectors are  and  
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Parallel	
  Algorithm	
  

•  Reformulate	
  AC	
  OPF	
  problem	
  with	
  αu	
  and	
  αu
0	
  by	
  

dropping	
  voltage	
  and	
  generator	
  variables	
  
•  Fix	
  the	
  values	
  for	
  αu

0	
  with	
  respect	
  to	
  vk-­‐1	
  
•  Number	
  of	
  variables	
  in	
  the	
  subspace	
  problem:	
  
	
  4	
  <<	
  3NG	
  +	
  2NB	
  ~	
  ϑ(NB)	
  

•  Computa-on	
  of	
  sub	
  op-miza-on	
  problem	
  
–  Low	
  cost	
  to	
  solve	
  a	
  small	
  problem	
  
–  Can	
  u-lize	
  parallel	
  computa-on	
  

•  Central	
  adjustment	
  of	
  α’s	
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Subspace	
  Problem	
  

24	
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Number	
  of	
  Sub-­‐problems	
  
•  Number	
  of	
  possible	
  α:	
  NB	
  	
  

–  Each	
  bus,	
  Φj
p	
  and	
  Φj

q	
  share	
  null	
  space	
  
–  φj	
  is	
  uniquely	
  defined	
  à	
  only	
  one	
  set	
  of	
  α	
  

•  Bus	
  ĵ:	
  directly	
  connected	
  with	
  neither	
  PV	
  nor	
  the	
  reference	
  buses	
  
–  φĵ	
  lies	
  the	
  null	
  space	
  of	
  Φj

p	
  and	
  Φj
q	
  if	
  a	
  generator	
  is	
  located	
  at	
  j	
  	
  

–  αĵ:	
  not	
  appear	
  in	
  the	
  power	
  balance,	
  isolated	
  with	
  p,	
  q,	
  and	
  ξ	
  
à 	
  ĵ	
  is	
  not	
  a	
  suitable	
  choice	
  for	
  the	
  subspace	
  problem	
  
à Exclude	
  such	
  subspaces	
  

•  Number	
  of	
  the	
  proper	
  choice	
  for	
  the	
  subspace	
  =	
  τNG	
  
–  ω	
  (=	
  NL/NB)	
  is	
  a	
  good	
  es-mator	
  for	
  τ:	
  WECC	
  ~	
  2.5,	
  EI	
  ~	
  3.5	
  
–  τ	
  is	
  approximately	
  constant	
  for	
  various	
  IEEE	
  model	
  systems	
  ~	
  2	
  

NB	
   9	
   14	
   30	
   118	
   300	
   2746	
  

NG	
   3	
   5	
   6	
   54	
   69	
   520	
  

τNG	
   6	
   9	
   16	
   91	
   143	
   983	
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Central	
  Adjust	
  of	
  Local	
  Solu-ons	
  

•  λ	
  is	
  the	
  smallest	
  nonzero	
  eigenvalue	
  of	
  Σj	
  ϕj
p(ϕj

p)T	
  
•  τ	
  is	
  the	
  number	
  of	
  buses	
  that	
  are:	
  	
  
	
  PV	
  or	
  ref	
  bus,	
  OR,	
  directly	
  connected	
  with	
  them	
  

•  Unconstrained	
  quadra-c	
  programming	
  
– ϕj

p	
  are	
  all	
  known	
  and	
  unchanged	
  
–  vk	
  =	
  v*	
  =	
  E(D	
  +	
  λI)-­‐1ET(Σj	
  ϕj

pαj	
  +	
  λvk-­‐1)	
  	
  
	
  where	
  Σj	
  ϕj

p(ϕj
p)T	
  =	
  EDET	
  	
  

– Heuris-c	
  approach:	
  vk	
  =	
  vk-­‐1	
  +	
  ϒkv*	
  	
  

min
vk ,pk ,qk

! j ! " j
p( )

T
vk

2

2"
#$

%
&'j=1

!NG
( +" vk ! vk!1 2

2
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Challenges	
  to	
  Efficient	
  Algorithm	
  

•  Non-­‐convexity	
  à	
  Sequen-al	
  convexifica-on	
  
•  Nonlinearity	
  à	
  Par-al	
  update	
  via	
  TLS	
  
•  Large-­‐scale	
  network	
  à	
  Sequen-al	
  subspace	
  
op-miza-on	
  with	
  paralleliza-on	
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Plan	
  for	
  an	
  Efficient	
  Algorithm	
  

•  Parallel	
  computa-on	
  
– Building	
  a	
  supercomputer	
  
– Developing	
  a	
  parallel	
  algorithm	
  to	
  fully	
  u-lize	
  
mul-ple	
  core	
  processors	
  

•  Each	
  core	
  solves	
  a	
  small	
  op-miza-on	
  problem	
  
– Number	
  of	
  variable	
  is	
  constant	
  	
  
– Number	
  of	
  subspace	
  problem	
  increases	
  in	
  ϑ(NG)	
  
– Tests	
  on	
  large-­‐scale	
  systems	
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